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Abstract The paper addresses the problem of measuring
whole-body dynamics for a multiple-branch kinematic chain
in presence of unknown external wrenches. The main result
of the paper is to give a methodology for computing whole
body dynamics by aligning a model of the system dynamics
with the measurements coming from the available sensors.
Three primary sources of information are exploited: (1) em-
bedded force/torque sensors, (2) embedded inertial sensors,
(3) distributed tactile sensors (i.e. artificial skin). In order to
cope with external wrenches applied at continuously chang-
ing locations, we model the kinematic chain with a graph
which dynamically adapts to the contact locations. Classi-
cal pre-order and post-order traversals of this dynamically
evolving graph allow computing whole-body dynamics and
estimate external wrenches. Theoretical results have been
implemented in an open-source software library (iDyn) re-
leased under the iCub project. Experimental results on the
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1 Introduction

Currents trends in robotics foster research in the develop-
ment of capabilities and skills which can make robots au-
tonomous and safe (i.e. not dangerous). The evolving sce-
nario indeed requires the human and the robot to coex-
ist within a shared unstructured environment, to interact
and perform cooperative or independent tasks precisely and
safely. Many research fields are addressing safety objec-
tives from different perspectives: some examples are rescue
robotics, home robotics, medical and rehabilitation robotics.
Humanoid robotics shares as well the goal of guaranteeing
safe interactions between robots and external agents, that be-
ing a human or the environment.
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When deployed into a human environment, a robot can
be considered safe if physical interaction is properly con-
trolled, for example if: it does not damage itself, a human
being or the environment; it is compliant to external per-
turbations and during interactions with the surroundings; it
quickly reacts to unpredicted events.

A framework integrating all the aspects of human-robot-
environment interaction, within the same physical space,
must be adequately defined. To this purpose, all the pos-
sible sources of information (cameras, proximity sensors,
proprioceptive sensors, etc.) should be included to improve
the representation of the robot workspace, in order to fulfill
its tasks while preserving safety. Uncertainties and noises
may reduce the reliability of its perceptual representation,
and lead to misbehaviors. In these cases, unsought and po-
tentially dangerous contacts might occur between the human
and the robot.

Clearly, during human-robot physical interaction, intrin-
sic compliance and force regulation must be addressed. An
interesting analysis of the effects of possible impacts of
robotic manipulators on humans can be found in Haddadin
et al. (2008a, 2008b). The lack of compliance has been
traditionally compensated by collision avoidance solutions,
where commonly the end- effector trajectory or the ma-
nipulator configuration is changed during motion so as to
avoid collisions with the surroundings or the self (Minguez
et al. 2008; Kulic and Croft 2007; Sisbot et al. 2010). To
address the safety issue, physical Human-Robot Interaction
(pHRI) (Santis et al. 2008) and related disciplines in actu-
ator technologies are focusing on the developments of pas-
sive compliance actuation. These novel systems are charac-
terized by the intrinsic capacity to reduce the risk of hurt-
ing and damaging the surroundings: variable impedance ac-
tuators (Eiberger et al. 2010), series elastic actuators (Pratt
and Williamson 1995), pneumatics and hydraulics actuators,
etc. Nevertheless, recent studies have shown that certain so-
lutions present an undesired effect that may lead to unsafe
behaviors. Elastic elements, especially if combined with ac-
tuators, can store great amounts of potential energy which,
once released, can be extremely unsafe, as recently shown
in Haddadin et al. (2010a).

Conversely, when active compliance is employed, the
robot behavior is grounded on the sensory system: joint
torque sensors rather than force sensors (the latter typi-
cally placed at the end-effector), are required. Exploiting
the sensors information, the robot can carry out force reg-
ulation, react safely to contacts and also take decisions
about the tasks (Siciliano and Villani 1996; Luca 2006; Had-
dadin et al. 2010b; Mistry et al. 2010; Calinon et al. 2010;
Fumagalli et al. 2010b). However, retrieving measurements
using localized torque sensors might not allow a full percep-
tual representation of the interaction scenario, in terms of
forces and torques which rise over the whole structure. Even

if torque sensors are distributed over the entire structure of
the robot and can measure the internal dynamic as well as
the interactions occurring on its links, they can only measure
the single component of momentum which works along the
axis of rotation of the joints. More specifically, since forces
and torques are linearly related by the transposed Jacobian,
which might have a non-empty null-space, there exist singu-
lar configurations where some interaction forces at sensory
level cannot be fully retrieved (e.g. pure forces working on a
direction which is parallel to the joint torque sensor axis are
hidden). A more robust and complete representation of the
interaction forces can be retrieved by Force/Torque Sensors
(FTS). Classically, robots are equipped with six-axis FTS
mounted on their end-effectors, where the most interaction
with the environment occurs during manipulation (Sciavicco
and Siciliano 2005).

This solution is compact and less invasive with respect to
the design of joint torque sensors (Parmiggiani et al. 2009;
Luh et al. 1983): it allows a complete representation of the
interaction forces and thus a better achievement of active
compliance (Caccavale et al. 2005; Chiaverini et al. 1999;
Siciliano and Villani 2000). However, this information is lo-
calized at the tool level. In other words, a FTS at the end-
effector does not allow retrieving neither the information
about the manipulator dynamics, nor about the potential in-
teraction occurring on any link of the robotic system. In this
situation, this information must be retrieved with other sen-
sors.

With the solution addressed in this paper, a more com-
plete and better representation of the interaction forces over
the entire structure of the robot can be obtained. The pro-
posed approach makes use of three sets of sensors, dis-
tributed along the kinematic chain: force/torque, inertial and
tactile sensors. The focus of the paper is on understanding
how to integrate the measurements from these sensors to es-
timate both internal and externally applied wrenches (i.e.
forces and torques). Specifically, the questions addressed
in the paper will be the following: given a multiple branch
kinematic chain with embedded (force/torque, tactile, iner-
tial) sensors, assuming that a certain number of unknown
external wrenches act on the system and assuming that a dy-
namical model of the system is available:

– is there a systematic procedure to propagate force/torque
measurements along the chain in order to estimate inter-
nal wrenches?1 How does this procedure change depend-
ing on the location of the externally applied wrenches?

– is there a systematic procedure to measure the exter-
nal wrenches acting on the chain? How many external

1Internal wrenches are of particular interest because their projection on
the joints can be used to estimate joint torques (Sciavicco and Siciliano
2005).
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wrenches can be estimated? Is there a condition on the lo-
calization of these external wrenches (with respect to the
FTS locations) to guarantee that they can be estimated?

To the best of our knowledge, a limited number of previ-
ous works have considered similar issues. Methods for esti-
mating internal wrenches from FTS embedded in the links
have been proposed in Morel and Dubowsky (1996), Morel
et al. (2000) where a single FTS placed at the base of a 3
Degrees Of Freedom (DOF) PUMA manipulator was used
to estimate the joint torques. Here, the proposed method is
generalized to the estimation of both internal and external
wrenches on 32 of the 53 DOF of the humanoid robot iCub
(Metta et al. 2010). Moreover, we enrich the estimation by
also computing external wrenches at arbitrary contact loca-
tions. We remark that these locations can be either fixed a
priori for particular robot tasks or updated on-the-fly. Here,
contact locations are provided by a set of distributed capac-
itive tactile sensors, constituting a sort of “artificial skin”
(Cannata et al. 2008; Maggiali et al. 2008).

We also point out that the proposed approach is particu-
larly convenient from an economic point of view, if active
compliance must be enabled on existing robots actuated by
electric motors. For example in the iCub, passive solutions
were not considered at design stage, and the introduction
of joint-level torque sensing in the whole robot would have
required a complete re-design of the mechatronics. Con-
versely, since FT sensors are compact and relatively small,
embedding the fours on the platform has been quite easy (no
radical changes were made to the structure), not to mention
conveniently cheap. However, even if the makeover of the
robot structure to include joint torque sensors is more ex-
pensive in terms of time and resources, the next versions of
the iCub will adopt both solutions, to enhance the perceptual
capabilities of the robot and allow different control modali-
ties. A study of the new shoulder equipped with joint torque
sensors has been presented in Parmiggiani et al. (2009).

The paper is organized as follows. Section 2 introduces
the notation of the variables required for computing the in-
ternal and external forces and torques2 on a given link. The
method of the Enhanced Oriented Graph (EOG) is presented
in Sect. 3. It will be shown that the method can be applied
to both single and multiple branched open kinematic chains
with embedded FTS, where the concept of sub-link is also
introduced. Section 4 discusses the computations when the
Recursive Newton-Euler Algorithm (RNEA) (Sciavicco and
Siciliano 2005) is employed. It must be pointed out that the
RNEA is here proposed as a tool to compute kinematic and

2Given a force f ∈ R
3 and a moment μ ∈ R

3, a wrench w ∈ R
6 is

the vector w = (
f

μ
). Force/torque sensors, which actually measure a

wrench, are named according to the physics terminology, where μ is
called torque. In this paper, to discriminate from the joint torque τ , we
call μ moment according to the mechanical terminology.

Fig. 1 Notation for the i-th link of a kinematic chain. A more com-
plete description can be found in Sciavicco and Siciliano (2005)

dynamic information recursively, but its adoption is not a
must and other algorithms could be used (e.g. the Artic-
ulated Body Algorithm (ABA), see Featherstone and Orin
2008 for a review). The proposed method is thus shown to be
generic and applicable to every open kinematic tree. Force
sensors are used to improve the estimation of the internal
wrenches and for the computation of external interaction.
The number of FTS to employ and their placement along
a manipulation structure is not defined. Nevertheless, as it
will be clear later on, we suggest spreading them on dif-
ferent links of the system to increase the quality and relia-
bility of the results. The paper indeed presents a systematic
procedure for computing N + 1 external wrenches from N

internal wrenches (i.e. measurements from FTS). Remark-
ably, under some conditions that will be discussed in next
sections, not only all link wrenches and joint torques can
be computed, but also a certain set of external wrenches ap-
plied to the robotic chains. The technique is built on initial
work presented in Ivaldi et al. (2011): here, we show further
results and provide a more extensive discussion of the pro-
posed techniques. Section 6 presents experimental results
obtained on the iCub platform. Experiments were performed
considering different interaction scenarios, as a proof of the
validity of the approach.

2 Notations

We present here the notations that have been used to gen-
erally describe the kinematics and the dynamics of a link
(see Fig. 1). For the kinematic we adopted the Denavit-
Hartenberg notation, for the dynamics the RNEA.3 More-
over, we limit the discussion to revolute joints.4 Here is a
list of the adopted symbols:

〈·〉 generic Cartesian reference frame

3The method we will present in next sections is not strictly dependent
on the notation and algorithms employed for the computations. Custom
choices can also be adopted.
4The method can be easily generalized for revolutionary and linear
joints.
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va is a generic n-dimensional vector v ∈ R
n expressed

in 〈a〉
ra,b distance vector r from 〈a〉 to 〈b〉
zi z-axis of 〈i〉, aligned with the axis of rotation of joint i

θi the angle associated to the i-th joint
p̈i ∈ R

3 denotes the linear acceleration of 〈i〉
ωi , ω̇i ∈ R

3 the angular velocity and acceleration of 〈i〉
mi mass associated with the i-th link
Ī i
i ∈ R

3×3 represents the inertia tensor of the i-th link, de-
fined with respect to the center of mass oriented as the
frame 〈i〉

Ci ∈ R
3 the coordinate vector of the center of mass of the

i-th link with respect to 〈i〉
fi ∈ R

3 represents the forces applied on 〈i〉, that the i + 1-th
link exerts on the i-th link

μi ∈ R
3 represents the moment applied on 〈i〉, that the

i + 1-th link exert on the i-th link
τi ∈ R is the joint torque, i.e. the component of μi along zi

wi ∈ R
3 is the wrench w = (

f
μ

) applied on 〈i〉, that the
i + 1-th link exerts on the i-th link

3 Enhanced Oriented Graph, applied to kinematics and
dynamics of robots

Graph theory has been extensively used to represent me-
chanical systems (Wittenburg 1994; Featherstone 2007) and
kinematic chains, producing compact and clear models, in
matrix forms with beneficial properties (e.g. branch-induced
sparsity, Featherstone 2010) when the connectivity among
its elements is expressed. There is not a unique choice for
a graph representing a chain: for example, in Featherstone
(2007) graphs are undirected, nodes and arcs represent bod-
ies and joints respectively; the resulting graph is undirected
(i.e. non-oriented), but nodes are “labeled” according to a
“regular numbering scheme”.

Hereinafter we present the theoretical framework of the
Enhanced Oriented Graphs (EOG), applied to the com-
putation of both internal and external wrenches for single
and multiple branches, generally non-grounded, kinematic
chains. The proposed method is an extension of the classi-
cal RNEA (Featherstone and Orin 2008; Sciavicco and Si-
ciliano 2005). Similarly to the classical approach we rep-
resent a kinematic chain as a graph such that computations
of the system dynamics can be obtained performing a pre-
order and a post-order traversal visit of the graph itself.
However, we enhance the graph with specific nodes repre-
senting both known and unknown (kinematic or dynamic)
variables. Remarkably, not all the unknowns will be spec-
ified a-priori (e.g. contacts at arbitrary locations might ap-
pear and other contacts might be removed) and therefore the

Fig. 2 An open chain represented as a graph

graph structure will be adapted accordingly.5 The dynam-
ically evolving graphical description of the chain modifies
the way the graph is visited during the Newton-Euler recur-
sion, thus changing in particular the direction along which
the recursion is propagated in the graph. In order to cope
with this evolving representation we introduced another dif-
ference with respect to classical RNEA graphical represen-
tations by defining the kinematic chain as an oriented graph:
the direction along which edges are traversed will determine
either the use of the classical Newton-Euler recursion for-
mula or a slightly modified version of it.

3.1 The enhanced graph representation

We consider an open (single or multiple branches) kinematic
chain with n DOF composed of n+ 1 links (see Fig. 2). The
i-th link of the chain is represented by a vertex vi (some-
times called node). A hinge joint between the link i and
the link j (i.e. a rotational joint) is represented by an ori-
ented edge ei,j connecting vi with vj . The orientation of the
edge can be either chosen arbitrarily (it will be clear later on
that the orientation simply induces a convention) or it can
follow from the exploration of the kinematic tree accord-
ing to the “regular numbering scheme” (Featherstone and
Orin 2008), which induces a parent/child relationship such
that each node has an unique input edge and multiple out-
put edges. Following the classical RNEA and the classical
Denavit-Hartenberg notation, we assume that each joint has
an associated reference frame with the z-axis aligned with
the rotation axis; this frame will be denoted 〈ei,j 〉. In kine-
matics, an edge ei,j from vi to vj represents the fact that
〈ei,j 〉 is fixed in the i-th link. In dynamics, ei,j represents
the fact that the dynamic equations will compute (and make
use of) wi,j , i.e. the wrench that the i-th link exerts on the
j -th link, and not the equal and opposite reaction −wi,j , i.e.
the wrench that the j -th link exerts on the i-th link (further
details in Sect. 4).

In order to simplify the computations of the inverse dy-
namics on the graph (see Sect. 4), kinematic and dynamic
measurements are explicitly represented. Specifically, the

5Within this context, a crucial role is played by the distributed tac-
tile sensor, primarily used to compute the presence and the location of
externally applied wrenches. Even if the tactile sensor would be capa-
ble of measuring also the component of the force normal to the skin
surface, this information is not used in this paper where we focus on
computing both the applied force and torque (i.e. the whole externally
applied wrench) exploiting the embedded sensors.
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Fig. 3 The notation introduced to represent unknown and known (i.e.
measured) variables in graphs

graph representation is enhanced with a new set of graph-
ical symbols: a triangle to represent kinematic quantities
(i.e. velocities and acceleration of links), and a rhombus
for wrenches (i.e. force sensors measurements on a link), as
shown in Fig. 3. Moreover, a color code groups these sym-
bols into known to represent sensors measurements, and un-
known to indicate the quantities to be computed.

Kinematic variables can in general be measured by
means of gyroscopes, accelerometers, or simply inertial sen-
sors. When attached on link i-th, these sensors provide an-
gular and linear velocities and accelerations (ω, ω̇, ṗ and
p̈) at the specific location where the sensor is located. We
can represent these measurements in the graph with a black
triangle (�) and an additional edge from the proper link
where the sensor is attached to.6 As usual, the edge has an
associated reference frame, in this case corresponding to the
reference frame of the sensor. Similarly, an unknown kine-
matic variable is represented with a white triangle (�) with
an associated edge going from the link (where the unknown
kinematic variable is attached) to the triangle. The reference
frame associated to the edge will determine the characteris-
tics of the retrieved unknown kinematic variables, as it will
be described in Sect. 4.

Analogously for dynamic variables, we introduce two
new types of nodes with a rhomboidal shape (see Fig. 3):
black rhombi (�) to represent known (i.e. measured) wrench-
es, white rhombi (♦) to represent unknown wrenches which
need to be computed. The reference frame associated to the
edge is the location of the applied or unknown wrench.

Remark 1 There is not a fixed rule to determine the orien-
tation of the edge connecting the rhombi to the graph: ac-
cording to our convention for representing the wrenches, the
edge can be either directed from the rhombus to the link or
vice versa depending on the variable we are interested in
representing (i.e. the wrench from the link to the external
environment or the equal and opposite wrench from the en-
vironment to the link).

It is important to point out that, whereas the position of
� is static within the graph (because sensors are fixed in

6According to our kinematic convention an edge ei,j is fixed on the
i-th link. Therefore a sensor fixed in the i-th link, will be represented
by ei,s , i.e. an edge from the link to the sensor.

Fig. 4 (a) The notation introduced to represent node (vertex, link) and
sub-node (sub-link). (b) A representation of a FTS within the iS -th
link. Note that the sensor divides the link into two sub-links, each with
its own dynamical properties. In particular, it is evident that the center
of mass (COM) of the original link, CiS , differs from CF

s ,CB
s , i.e. the

COM of the two “sub-links”

Fig. 5 The graph shows how to insert a FTS in a graph representation
of a kinematic chain. The node where the sensor is attached to (high-
light), is practically divided into two sub-nodes. The graph is divided
into two sub-graphs and two black rhombi (known wrenches corre-
sponding to the sensor measurement) are connected to the sub-nodes

the manipulator), the location of ♦ can be dynamic (contact
point locations are dynamically detected by the distributed
tactile sensor). If a contact moves along a chain, the graph
is accordingly modified. This rule shows a big benefit of the
EOG, which dynamically adapts in response to the location
of the unknown external wrenches.

Within this representation, embedded FTS can be in-
serted by “cutting” the manipulator chain where the FTS is
located and creating two virtual “sub-links” from the link
hosting physically the sensor. The EOG is then split into two
sub-graphs, where black rhombi (�, i.e. known wrenches
representing the FTS measures, one per graph) are intro-
duced and attached to the sub-links. In practice, suppose that
a FTS is placed in the iS -th link (see Fig. 4(b)). Let 〈s〉 be
the frame associated to the sensor. The sensor virtually di-
vides link iS into two “sub-links” and therefore measures
the wrench exchanged between the so-called “forward” and
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the “backward” sub-links. This wrench will be represented
by two rhomboidal nodes, attached to the two sub-links (see
Fig. 5). Under these considerations, the FTS within a link
is represented by splitting the node associated to the link
into two sub-nodes, with suitable dynamical properties. Two
known wrenches in the form of black rhombi are then at-
tached to the sub-nodes, with suitable edges whose associ-
ated reference frame is 〈s〉 for both edges.

4 Exploiting the RNEA for EOG

The graphical representation proposed in the previous sec-
tion can be used to compute the internal dynamics of a (float-
ing) kinematic chain provided with sufficient tactile, force
and inertial sensors. In particular, in this section we describe
how to compute both kinematic and dynamic variables, as-
sociated to the edges of the graphical representation.

A first recursion on the graph (pre-order traversal) com-
putes the linear acceleration (p̈) and the angular velocity and
acceleration (ω, ω̇) for each of the reference frames asso-
ciated to the edges of the graph. This procedure practically
allows propagating the information coming from a single in-
ertial sensor to the entire kinematic chain. At each step, the
values of (p̈, ω, ω̇) for a given link are propagated to the
neighbor links by exploiting the encoder measurements and
the kinematic model of the chain.

A second recursion (post-order traversal) computes all
the (internal and external) wrenches acting on the chain at
the reference frames associated with all the edges in the
graph. In this case, Newton-Euler equations are exploited to
propagate force information along the chain. At each step,
all but one wrench acting on a link are assumed to be known
and the remaining unknown wrench is computed exploiting
a dynamic model of the link and the output from the kine-
matic recursion.

4.1 Kinematics

In the following, we describe the basic equations for propa-
gating the kinematic information within the graph. The pro-
posed notation might seem fairly too general, especially if
compared with the classical computations where the major
simplification is the assumption that kinematics variables
are propagated across the kinematic tree along a constant
path. In our case instead, we are interested in a formulation
capable of exploiting multiple (dynamically inserted) sen-
sors to propagate the kinematic information from the sensors
to the surrounding links. Therefore the flow of kinematics
cannot be predefined but needs to be dynamically adapted to
the current structure of the EOG.

The basic step here described consists in propagating the
kinematic information associated to an edge connected to a

Fig. 6 (a)–(c) The three cases accounting for the exchange of kine-
matic information. (d)–(e) The two cases accounting for the exchange
of dynamic information

node v to all the other edges connected to it. As usual, for
each edge i we consider the associated reference frame 〈i〉.
Referring to Figs. 6(a)–(c) we assume that knowing the lin-
ear acceleration (p̈j ) and the angular velocity and accelera-
tion (ωj , ω̇j ) of the reference frame 〈j 〉 we want to compute
the same quantities for the frame 〈i〉 sharing with 〈j 〉 a com-
mon node v. Figure 6(a) represents the case where the edge i

exits v but the edge j enters v; recalling the kinematic mean-
ing of the edge directions, the sketch in Fig. 6(a) represents a
situation where 〈i〉 is attached to v while 〈j 〉 is rotated by the
joint angle θj around zj . The situation is exactly the one we
have in the classical Denavit-Hartenberg forward kinematic
description and therefore we have (Sciavicco and Siciliano
2005):7

ωi = ωj + θ̇j zj ,

ω̇i = ω̇j + θ̈j zj + θ̇jωj × zj ,

p̈i = p̈j + ω̇i × rj,i + ωi × (ωi × rj,i ),

(1)

where zj and θj indicate the rotational axis and the angu-
lar position of the joint associated to the edge j . Similarly,

7In the classical recursive kinematic computation (Sciavicco and Si-
ciliano 2005) there is a one-to-one correspondence between links and
joints (see Fig. 1) thus resulting in a set of kinematic equations slightly
different from the ones of Eq. (1). Classically, the i-th link has two
joints and associated reference frames 〈i〉 and 〈i − 1〉, respectively.
Only 〈i〉 is attached to the i-th link while 〈i − 1〉 is attached to the
link i − 1. The rotation between these two links is around the z-axis
of 〈i − 1〉 by an angle which is denoted by θi and therefore the anal-
ogous of Eq. (1) in Sciavicco and Siciliano (2005) refer to θ̇i in place
of θ̇j and zi−1 in place of zi . In our notation, we get rid of this com-
mon labeling for joints and links by explicitly distinguishing the link
represented with the node v and the attached joints represented with
the edges i, j , . . . and associated frames 〈i〉, 〈j〉, . . . whose axes are
therefore zi , zj , . . . with associated angles θi , θj .
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Fig. 6(b) represents the case where the edge i enters v but
the edge j exits the node; therefore Fig. 6(b) represents a
situation where 〈j 〉 is attached to v while 〈i〉 is rotated by
the joint angle θi . The situation is exactly the opposite en-
countered in classical Denavit-Hartenberg so that we have:

ωi = ωj − θ̇izi ,

ω̇i = ω̇j − θ̈izi − θ̇iωj × zi,

p̈i = p̈j − ω̇j × ri,j − ωj × (ωj × ri,j ).

(2)

Finally, Fig. 6(c) represents the case where both 〈i〉 and 〈j 〉
are attached to the link represented by v. In this case, con-
tinuity formulas are obtained putting θ̇i = 0 and θ̈i = 0 in
Eq. (1) (or equivalently Eq. (2)):

ωi = ωj ,

ω̇i = ω̇j ,

p̈i = p̈j + ω̇i × rj,i + ωi × (ωi × rj,i ).

(3)

These rules can be used to propagate kinematic information
across different edges connected to the same node. The only
situation which cannot be solved is the one where all edges
enter the node v, i.e. none of the associated reference frames
is fixed to the link v. We can handle these cases a posteriori
by defining a new arbitrary reference frame 〈v〉 attached to
the link. In our formalism, this is achieved by adding a kine-
matic unknown (�) and an edge from v to � with associated
frame 〈v〉.

Remark 2 If the edge directions are chosen according to a
“regular numbering scheme” as proposed in Sect. 3.1, each
edge will have a unique ingoing edge and multiple outgoing
edges.

The only nodes with no outgoing edges will be the ones
corresponding to the leaves of the kinematic tree (typically
the end-effectors). For these nodes, we will add a kinematic
unknown (�) and an edge from v to � with associated frame
〈v〉 (typically the end-effector reference frame of the classi-
cal Denavit-Hartenberg notation).

4.2 Dynamics

We here describe the basic equations for propagating the dy-
namic information within the graph. As seen before, the flow
of dynamical information cannot be predefined because the
graph structure continuously changes according to the posi-
tion of the applied external wrenches, detected by the dis-
tributed tactile sensor. The basic step proposed in this sec-
tion assumes that all the wrenches acting on a link but one
are known. The remaining unknown wrench is computed by
the Newton-Euler equations. Using the graph representation,
a node v with all its edges represents a link with all its joints.

As proposed in Sect. 3, at each edge eu,v , we can associate
the wrench weu,v that u exerts on v. At each edge ev,u we can
associate the wrench wev,u that v exerts on u. The Newton-
Euler equations for the link v can therefore be written as
follows (Sciavicco and Siciliano 2005):

∑

eI ∈CI (v)

feI
−

∑

eO∈CO(v)

feO
= mvp̈Cv ,

∑

eI ∈CI (v)

(μeI
+ feI

× reI ,Cv )

−
∑

eO∈CO(v)

(μeO
+ feO

× reO,Cv )

= Īi ω̇i + ωi × (Īiωi),

(4)

where:8

p̈Cv = p̈i + ω̇i × ri,Cv + ωi × (ωi × ri,Cv ), (5)

and where CI (v) is the set of ingoing edges, CO(v) is
the set of outgoing edges and where the index i refers to
any edge in CO(v) (necessarily non-empty in considera-
tion of what we discussed in Sect. 4.1). In other terms, re-
calling the kinematic meaning of outgoing edges, i is an
edge associated with any of the arbitrary reference frames
〈i〉 fixed with respect to the link v. As anticipated, Eq. (4)
can be used to propagate the dynamic information across the
graph. Assuming that all but one wrench acting on a link are
known, the remaining unknown wrench can be computed
with Eq. (4). Let us denote with i the edge associated with
the unknown wrench. If i ∈ CI (v), then the situation is the
one represented in Fig. 6(d) and we have:

fi = −
∑

eI ∈CI (v)

eI �=i

feI
+

∑

eO∈CO(v)

feO
+ mvp̈Cv ,

μi = −fi × ri,Cv −
∑

eI ∈CI (v)

eI �=i

(μeI
+ feI

× reI ,Cv )

+
∑

eO∈CO(v)

(μeO
+ feO

× reO,Cv )

+ Īi ω̇i + ωi × (Īiωi).

(6)

If i ∈ CO(v), then the situation is the one represented in
Fig. 6(e) and we have:

8With slight abuse of notation we indicated with r�,Cv the vector con-
necting the generic frame 〈�〉 to the one placed on the center of mass
Cv of the v-th link.
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fi =
∑

eI ∈CI (v)

feI
−

∑

eO∈CO(v)

eO �=i

feO
− mvp̈Cv ,

μi = −fi × ri,Cv +
∑

eI ∈CI (v)

(μeI
+ feI

× reI ,Cv )

−
∑

eO∈CO(v)

eO �=i

(μeO
+ feO

× reO,Cv )

− Īi ω̇i − ωi × (Īiωi).

(7)

Remark 3 With reference to Eqs. (6)–(7), it must be noted
that if only one edge is connected to the generic node v, then
CI (v) ∪ CO(v) = {i}. Hence, the sums

∑
fk ,

∑
(μk + fk ×

rk,Cv ) (where k is the generic index for the edge) do not
contribute to the computations of fi and μi which, in this
particular case, correspond to the inertial components only.
This case is peculiar, and its significance will be clear later
on when the solution of the EOG is discussed in detail.

5 Building EOG for computing dynamics and external
wrenches

In Sects. 4.1 and 4.2 we presented the basic steps for propa-
gating kinematic and dynamic information across a graph
representing a kinematic tree. In this section we describe
how to use these basic steps to compute the whole-body dy-
namics, with specific attention at getting estimates for the
externally applied wrenches (denoted with ♦). During these
computations the graph structure is assumed static but it
might change from one computation to the next. Initially,
the graph structure needs to be defined.

1. Create the graph representing the kinematic tree; define a
node for each link and an edge for each joint connecting
two links. The edge orientation is arbitrary and in partic-
ular it can be defined according to a “regular numbering
scheme”.

2. For each inertial sensor9 (measuring the linear acceler-
ation and the angular velocity and acceleration) insert a
black triangle (�) and an edge from the node v to the
triangle, where v represents the link to which the sensor
is attached. Associate to the edge the reference frame 〈s〉
corresponding to the sensor frame.

9Kinematic chains are often grounded and therefore there exists a base
link with null angular kinematics, ω = [0,0,0]�, ω̇ = [0,0,0]� and
gravitational linear acceleration p̈ = g, being g the vector representing
the gravity force. This situation is mathematically equivalent to an in-
ertial sensor attached to the base link and measuring constantly ω = 0,
ω̇ = 0 and p̈ = g.

3. For any node v with only ingoing edges, add a white tri-
angle (�) and an edge from v to the triangle. Associate
to the edge an arbitrary reference frame 〈v〉.10

These steps define the kinematic EOG which can be used
to compute the kinematics of the entire chain. Specifically,
if this graph contains a single inertial sensor (represented
by a � node), the associated measurements can be used to
compute the linear acceleration and angular acceleration and
velocity for all the edges of the graph. Computations can be
performed following the procedure in Algorithm 1, that is a
pre-order11 traversal of the tree with elementary operations
defined by Eq. (1), Eq. (2) or Eq. (3). If multiple � nodes
(i.e. inertial sensors) are present in the graph, each path be-
tween two of these nodes corresponds to a set of three equa-
tions containing the measurements: one for the linear accel-
erations, one for the angular velocity and one for the angu-
lar accelerations. These equations can be used to refine the
sensor measurements or to give better estimates of the joint
velocities and accelerations (typically derived numerically
from the encoders and therefore often noisy).

Remark 4 In this respect, a possible algorithm for comput-
ing the better estimate of the kinematics, given the multiple
sources, is briefly reported in Algorithm 2. Basically, given
a set of K kinematics sources �, which for brevity we name
κ1, . . . , κK , Algorithm 1 is solved K times. At each time k,
κk is the only kinematic source which is not being removed
from the EOG, and then the only � in the graph. The solu-
tion of the EOG K times yields a set of conditional estimates
ωj |κ1, . . . ,ωj |κK

, ∀j (analogous considerations hold for ω̇

and p̈), which can be used by classical filters to provide the
better estimate (e.g. maximum likelihood filters, Kalman fil-
ters etc.). The analysis and evaluation of the possible filters
is outside the scope of the paper, but the interested reader
could refer for example to Mutambara (1998).

A clarifying example is shown in Fig. 7(a): notice that the
visit order is not related to the edge direction, since the lat-
ter only affects the recursive equations that must be used to
propagate the variables. Once velocities and accelerations
have been computed for all edges, a new series of steps
needs to be performed on the EOG to obtain the dynamic
enhanced sub-graphs.

4. For each FTS embedded in the link v, cut the graph into
two sub-graphs as shown in Fig. 5. Divide v into two
nodes vB and vF representing the sub-links (with suit-
able dynamic properties); define two black rhombi (�)

10See also Remark 2.
11pre- and post-order refer to different classical graph visiting algo-
rithms (Cormen et al. 2002).
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Algorithm 1 Solution of kinematic EOG exploiting a tree
Require: EOG, ω0, ω̇0, p̈0
Ensure: ωi, ω̇i , p̈i , ∀vi

1: Attach a node � for every kinematic source (e.g. inertial sen-
sor)

2: Set ω0, ω̇0, p̈0 in �
3: Re-arrange the graph with a � as the root of a tree
4: KinVisit(EOG,vroot)

KinVisit(EOG,vi )

1: Compute ωi, ω̇i , p̈i with Eq. (1) or (2) or (3) according to di-
rection of the edges i, j connected to v

2: for all child vk of vi do
3: KinVisit(EOG,vk )
4: end for

Algorithm 2 Fusion of multiple kinematic sources
Require: EOG, κk = [ωk, ω̇k, p̈k], k = 1, . . . ,K

Ensure: ω̂i , ˆ̇ωi, ˆ̈pi , ∀i

1: for all k = 1 : K do
2: Attach a node � for κk

3: Compute ωi|κk
,∀i

4: end for
5: Compute ω̂i = filter* (ωi|κ1 , . . . ,ωi|κK

), analogously com-

pute ˆ̇ωi, ˆ̈pi

* filter is a generic filter for data fusion from multiple sensors

and add two edges from the rhombi to the nodes. As-
sociate to both the edges the same reference frame 〈s〉
corresponding to the sensor frame.

5. If there are other known wrenches acting on a link (e.g.
sensors attached at the end-effector), insert a black rhom-
bus (�) and an edge from the rhombus to v, where v rep-
resents the link to which the wrench is applied. Associate
to the edge the reference frame 〈s〉 corresponding point
where the external wrench is applied.

6. If the distributed tactile sensor is detecting externally ap-
plied wrenches, insert a white rhombus (♦) for each ex-
ternally applied unknown wrench. Add an edge connect-
ing the rhombus with v, where v represents the link to
which the wrench is applied. The edge orientation is ar-
bitrary depending on the wrench to be computed (i.e. the
wrench from the link to the external environment or the
equal and opposite wrench from the environment to the
link). Associate to the edge the reference frame 〈c〉 cor-
responding to the location where the external wrench is
applied.

After these steps have been performed, we basically ob-
tained the dynamic enhanced sub-graphs, each of which can
be considered independently.

Wrenches can be propagated to all the unknown nodes
(♦) if and only if there exists at maximum an unknown for

Fig. 7 (a) An example of kinematic EOG with multiple branches.
Starting from the root �, the propagation of kinematics information
follows the pre-order traversal of the tree. Thus, the order of “visit-
ing” nodes is: a, b, c, d, g, e, f. (b) An example of dynamic EOG with
multiple branches. The propagation of dynamics information follows
the post-order traversal of the tree: starting from leaves, information is
propagated from children to parents, until the root ♦. Thus, the order
of “visiting” nodes is: d, g, c, e, f, b, a. It must be noted that leaves are
not necessarily �, as explained in Remark 3

each sub-graph. If a sub-graph contains no unknown, we can
always define it arbitrarily. Then for each sub-graph we can
define a tree with the node ♦ as root. Wrenches can be prop-
agated from the leaves to the root following the procedure
in Algorithm 3, which is basically a post-order traversal of
a tree (Cormen et al. 2002) with elementary operations de-
fined by Eq. (6) or Eq. (7). Remarkably, when there is ex-
actly one ♦ per sub-graph, each edge in the sub-graph is
visited during the post-order traversal. As a result, all inter-
nal wrenches are computed and therefore a complete char-
acterization of the whole-body dynamics is retrieved. In this
particular case, given N FT sensors distributed on a chain,
N + 1 sub-graphs are produced and therefore a maximum
of N + 1 external wrenches can be estimated (one for each
sub-graph). If there is no ♦ node in a sub-graph (i.e. no
external forces are acting on the sub-graph), then the post-
order traversal of this graph produces two equations (one
for forces and the other for wrenches) with no unknowns.12

These equations can be used to estimate on-line the dynam-
ical parameters of the corresponding kinematic sub-tree ex-
ploiting the linearity of these parameters in the equations
(Sciavicco and Siciliano 2005).

If a sub-graph contains more than a single unknown
node (♦), then wrenches can be propagated only to certain
parts of the graph. These computations can be performed by
choosing any of the unknown nodes as root and following
a slightly modified procedure of Algorithm 3. The only ad-
ditional condition consists of labeling a node as “not com-
putable” whenever it is directly connected to an unknown
node; this condition is then propagated to all its parent nodes

12Practically, these equations can be obtained by defining an arbitrary
♦ connected to an arbitrary node. A post-order traversal of the graph
with ♦ as root determines the equations by simply assuming that the
wrench associated to the edge connected to ♦ is null.
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and edges which will be correspondingly labeled “not com-
putable”.

Algorithm 3 Solution of dynamic EOG exploiting a tree
Require: EOG, ws∀ FTS
Ensure: wi , ∀vi

1: For every FTS, attach a node � to the corresponding link
2: Set ws in each �
3: For each �, split the graph and create two sub-graphs (see text

for details)
4: Attach a node ♦ to each link where a contact is detected: if

there is no contact in a sub-graph, choose an arbitrary position
and attach a fictitious ♦ (in this case, usually the terminal link
or the end-effector is selected)

5: Re-arrange each sub-graph with a ♦ as the root of a tree
6: for all sub-graph do
7: DynVisit(EOG,vroot)
8: end for

DynVisit(EOG,v = vi )

1: if v has children then
2: for all child ev,h ∈ C(v), ev,h �= i do
3: wev,h = DynVisit(EOG,h)
4: end for
5: Compute wi with Eq. (6) or Eq. (7) according to the direc-

tion of the edges
6: else
7: Return wi

8: end if

Once the i-th wrench is known, the associated i-th joint
torque can be computed by the following:

τi = μ�
i zi−1 (8)

where zi−1 is the z-axis of the reference frame 〈i − 1〉 as
in Fig. 1 (see Sciavicco and Siciliano 2005). Estimated joint
torques can thus be used, successively, for joint torque con-
trol.13 Of course, the more six-axis FTS are used, the more
accurate can be the estimation. We remark that joint torques
basically provide a single component describing the dynam-
ics flowing through the edges, whereas wrenches provide
a more complete representation of forces and moments of
the structure: this point highlights again the benefit of the
proposed method, which allows a full representation of the
dynamics of the system and its interaction with the environ-
ment.

13Moreover, this is not the only information that it is possible to extract
from the method. Joint torques are here found as one component of
the wrenches flowing through the edges. These wrenches allow having
a better representation of the possible contact situation, which can be
used as a virtual measurement, to perform every kind of tasks involving
force detection and control.

6 A case study: the iCub humanoid robot

6.1 Software

Theoretical results have been implemented in iDyn (Ivaldi
et al. 2011), a library for dynamics of single and multiple-
branched serial-links kinematic chains. iDyn is built on top
of iKin (Pattacini 2011; Pattacini et al. 2010), a library for
forward-inverse kinematics of serial-links chains of revolute
joints with standard Denavit-Hartenberg notation. Both li-
braries are part of an open source software project, released
under a GPL license. Though being tailored for the iCub,
remarkably iKin and iDyn are generic, cross-platform and
portable C++ libraries (relying on CMake and YARP mid-
dleware, see Fitzpatrick et al. 2008, 2010) that can be used
to study kinematics and dynamics of potentially any robotic
device.

6.2 Robotic platform

Experiments have been performed on the 53 DOF robot
iCub (Metta et al. 2008, 2010). iCub is a full-body humanoid
composed14 of one head (3 DOF), two arms (7 DOF each),
torso (3 DOF), two leg (6 DOF each) and 2 hands (9 DOF
each), which has been developed by the Italian Institute of
Technology within the European Project RobotCub, as an
open-source platform for research in embodied cognition.
Excluding the hands from the model, 32 DOF have been
taken into account for computing the inverse dynamics of
the robot.

Joints positions are retrieved directly from encoders’
measurements, while joints velocities and accelerations are
derived from position measurements through a least-squares
algorithm based on an adaptive window (Janabi-Sharifi et al.
2000; Fumagalli et al. 2010a).

As shown in Fig. 8(a) and 8(b), iCub is equipped with
one inertial sensor (Xsens MTx-28A33G25 (Xsens 2012))
located on the head, providing measurements of ω and p̈

of its final link; ω̇ is again found using an adaptive win-
dow filter. Four custom-made six-axes FTS (Fumagalli et
al. 2010b), one per leg and arm, are placed proximally with
respect to the end-effectors (hands and feet), as shown in
Fig. 8(a).

Sets of distributed capacitive tactile sensing elements are
integrated on most of the plastic shells covering the robot
limbs (Cannata et al. 2008), and provide a tactile feedback
for possible contacts with the environment. This sort of “ar-
tificial skin” is constituted by a layer of capacitive pressure
sensors included on a flexible Printed Circuit Board (PCB),

14The description of the iCub kinematics can be found online (iCub
Project 2011).
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Fig. 8 (a) A mechanical scheme of the humanoid robot iCub: in evi-
dence, the four proximal six-axes FTS (legs and arms) and the inertial
sensor (head). (b) The force/torque and inertial sensors used in iCub

with embedded electronics, covered by silicone foam to pro-
tect each taxel (i.e. tactile element) and make the skin also
more compliant. An example of the device for the forearm
is shown in Fig. 9(a).

Sensor measures are acquired through local boards, and
sent through CAN bus or RS232 bus to a PC104 board,
the local CPU on the robot (located on its head). An inter-
face module running on the PC104 replicates collected mea-
sures to a local Gigabit Ethernet network, exploiting YARP
middleware (Fitzpatrick et al. 2008). On a Blade (i.e. a PC
in the cluster) connected to the same local network of the
robot, the information of the sensors, sent through YARP
ports, is collected and used to compute the robot dynamics
as presented in Sect. 3 and Sect. 4, exploiting the iDyn li-
brary on a YARP module. The resulting wrenches are then
shared again on the YARP network: they can be used for

Fig. 9 (a) Distributed tactile elements constitute a sort of artificial
“skin”. The plastic cover, the elements and the final device for the
fore-arm are shown. Details about skin fabrication and how iCub has
been covered with it can be found in Roboskin (2010). (b) Some pos-
sible application points (marked with a frame) for external forces (ar-
rows) arising during contact of the iCub arm with the environment.
Upper, fore-arm and palm are covered with plastic shells, providing
the base for the tactile elements

high level tasks, but also for low level joint torque con-
trol.

6.3 Experiments

Given the sensors position and the description of the robot
kinematics, it is quite easy to build the kinematic and dy-
namic EOG.

The structure of the EOG needed for the computation
of the robot kinematic variables for all joints is shown
in Fig. 10(a):15 the inertial sensor is the unique absolute
source of kinematic information (�) (encoders are relative
sources, and their information is considered as a property
of the links); unknowns (�) are placed by default at the
end-effectors, so that kinematics variables are propagated
through all the graph nodes.

Since the complete knowledge of the kinematic informa-
tion is a prerequisite for the computation of the dynamics,

15Each vertex is named as X − k, where X = {H , LA, RA, RL,LL,
T } is a code for the limb (head, torso, right/left arm/leg) and k means
that the corresponding link is the k-th for that specific limb.
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Fig. 10 Representation of iCub’s kinematic and dynamic EOG, using
the notation of Fig. 3. (a) iCub’s kinematic EOG. It is noticeable that
the inertial sensor measure (�) is the unique source of kinematic in-
formation for the whole branched system. (b) iCub’s dynamic EOG,
when iCub is standing on the mainstay and moving freely in the space,
as shown in Fig. 11(a). Given the four FTS, the main graph is cut by
the four links hosting the sensors, and a total of five sub-graphs are
finally generated. The unknowns are the external wrenches at the end-
effector: if the robot does not collide with environment, they must be
zero, whereas if a collision happens, an external wrench must arise.
The displacement between the expected and the estimated wrenches
allows detecting contacts with the environment. Of course, the hypoth-
esis holds that interactions can only occur at the end-effectors. The ex-

ternal wrench on top of the head is assumed to be null. Notice that the
mainstay is represented by an unknown wrench ♦. (c) iCub’s dynamic
EOG, when the iCub is crawling like a baby, as shown in Fig. 11(b).
As in the previous case, five sub-graphs have been generated after the
insertion of the four FTS measurements, but unlike the free-standing
case, here the mainstay wrench is missing, being the iCub floating (un-
fixed) on the floor. Specific locations for the contacts with the environ-
ment are specified as being part of the task: thus, the unknown external
wrenches (♦) are placed at wrists and knees, while wrenches at the feet
and palms are assumed known and null (�). Interestingly, while mov-
ing on the floor the contact with the upper part could be varying (e.g.
wrists, palms, elbows), so the unknown wrenches could be placed in
different locations than the ones shown in the graph

Fig. 11 (a) Some snapshots of the “Yoga” demo, where all limbs are
moving freely in the space without colliding with the robot own body
or the environment. Though having a fixed base (the robot is supported
by a metallic mainstay mechanically inserted into its hip), remarkably
also the head is moving: thus, the presence of the inertial sensor is cru-
cial for the computation of joint torques. (b) Some snapshots of iCub
crawling on a carpet. Black straps are used to protect knees and wrists
and simultaneously improve the friction of the plastic covers with the

floor. Limbs motion is orchestrated by a controller based on central
pattern generators (Degallier et al. 2008). Self-body collision is pre-
vented a priori. Interaction with the environment occurs on knees and
wrists. The base frame is floating, and the inertial sensor in the head
is again crucial, since it provides the linear and angular velocity and
acceleration of the head: these components change continuously as an
effect of the progression of the robot on the floor, combined with the
head movements
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the kinematic EOG shown in Fig. 10(a) is adequate for all
applications. The dynamic EOG is instead task-dependent.

As the iCub is provided with a set of four FTS, the dy-
namic EOG is divided in five sub-graphs, each containing a
wrench measure (�). The head terminal wrench is usually
set to zero, so it is treated as a known variable (again �).

The choice of the nodes where unknown wrenches (♦)
are applied is instead totally arbitrary and depends on the
application point of an interaction force.

For example, if the robot is moving unconstrained in the
space, without incurring into contacts with itself or the sur-
rounding as in Fig. 11(a), unknown wrenches (♦) can be
statically attached to the end-effectors of the main limbs,
hands and feet. Whereas in an interaction scenario, such
as the robot crawling on the floor (see Fig. 11(b)), external
wrenches must be assumed on wrists and knees.16

More in general, unknown wrenches due to any sort of
contact cannot be statically attached to a specific link, since
the application point of the external force (i.e. the centroid
of the contact) is unknown and generally difficult to predict
(unless visual feedback is exploited to predict possible con-
tact situations, but it is not always reliable). However, thanks
to the artificial tactile skin it is possible to retrieve such in-
formation dynamically: therefore the EOG structure can be
defined on the fly based on the contact position at each time
instant. In such cases, as a consequence of the fact that only
one unknown is allowed per each sub-graph, the external
force due to contact is the unknown ♦, while wrenches lo-
cated at the end-effectors are assumed to be known and null
(�).

Examples of sub-graphs are reported in Fig. 12, which
correspond to the contacts shown in Fig. 9(b), where three
different contact locations in the left arm are presented.

A rigid-body dynamic model has been used to describe
the whole robot. Kinematics and dynamics parameters were
retrieved from the CAD model of the robot. Two experi-
ments prove the reliability of the approach:

1. both arms and legs FTS measurements were compared
with their model-based prediction, during unconstrained
movements (i.e. null external wrenches);

2. measurements from an external FTS, applied at a given
position on the end-effectors, were compared with their
estimation.

6.4 FTS predictions

During unconstrained, contact-free motion, the measure-
ments ws from the four six-axes FTS embedded in the limbs

16This application also highlights the importance of the inertial sen-
sor, which allows performing the Newton-Euler computations without
a fixed base frame (as it is usually assumed in its classical applications).

Fig. 12 A sketch of different situations in case of contacts occurring
at different locations in the left arm, as shown in Fig. 9(b). The external
wrench to estimate (♦) is attached to different nodes. In the first and
second sub-graphs, the wrench at the end-effector is assumed to be
known (�), typically null, since only one unknown per graph is allowed
(see text for details)

Fig. 13 Enhanced graphs for predicting the four FTS measurements,
ŵs , when the external wrench acting at the end-effectors (hands and
feet) is known, typically null

have been compared with the analogous quantities ŵs pre-
dicted by the dynamical model. Sensor measurements ws

can be predicted assuming known wrenches at the limbs ex-
tremities (hands or feet) and then propagating forces up to
the sensors. In this case, null wrenches were assumed, be-
cause of the absence of contact with the environment. The
EOG in this case is shown in Fig. 13. Table 1 summarizes
the statistics of the errors ws − ŵs for each limb during the
sequence of movements in Fig. 11(a). In particular, the ta-
ble shows the mean and the standard deviation of the errors
between measured and predicted sensor wrench during the
movements. Figure 14 plots the error between ws and ŵs for
the right arm during the same sequence of movements (only
one limb out of four is shown without loss of generality).

6.5 External wrench estimation

When solving the dynamic EOG in Fig. 10(b), it is possi-
ble to retrieve one external wrench per sub-graph. Thus, we
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Table 1 Errors in predicting FTS measures (see text for details)

Right arm: ε � ŵs,RA − ws,RA

εf0 εf1 εf2 εμ0 εμ1 εμ2

ε̄ −0.3157 −0.5209 0.7723 −0.0252 0.0582 0.0197

σε 0.5845 0.7156 0.7550 0.0882 0.0688 0.0364

Left arm: ε � ŵs,LA − ws,LA

εf0 εf1 εf2 εμ0 εμ1 εμ2

ε̄ −0.0908 −0.4811 0.8699 0.0436 0.0382 0.0030

σε 0.5742 0.6677 0.7920 0.1048 0.0702 0.0332

Right leg: ε � ŵs,RL − ws,RL

εf0 εf1 εf2 εμ0 εμ1 εμ2

ε̄ 0.1090 0.0923 0.0121 −0.0912 −0.0004 0.0060

σε 0.9740 0.3615 0.2211 0.1429 0.2318 0.0110

Left leg: ε � ŵs,LL − ws,LL

εf0 εf1 εf2 εμ0 εμ1 εμ2

ε̄ 0.1100 0.1089 0.0451 −0.0449 0.0022 −0.0386

σε 0.9517 0.3297 0.2916 0.1245 0.2542 0.0052

Notes: ε � ŵ − w = [εf0 , εf1 , εf2 , εμ0 , εμ1 , εμ2 ]
SI Units: f : [N], μ: [Nm]

compared the estimation of an external wrench applied at
the end-effector with a direct measure of it, through a free-
standing six-axes FTS which was manually “pushed” on the
terminal link. In particular, a wrench wE was exerted on
the left hand and measured with the external FTS. Its value
was then compared with ŵE , the estimation of the external
wrench obtained by propagating the embedded FTS mea-
sure in the sub-graph until the frame corresponding to the
application point of wE . A plot of wE and ŵE is reported in
Fig. 15.

As a counter evidence of the reliability of the method
we compared the torques τ̂ , determined with (8) with the
ones corresponding to the projection on joints of an exter-
nal wrench applied at the end-effector τE = J�

E wE , where
JE ∈ R

6×n is the Jacobian (here referred to the frame of the
node connecting torso, head and arms).

During this experiment the arm is not moving, while the
external force is applied on the hand. Joint torques measured
with the virtual torque sensors are τ̂ = τ̂ I + τ̂ E , being τ I

the internal joint torque, i.e. the torque which is due to the
intrinsic dynamic of the system. τE , i.e. the external force
projected on joints, instead is not affected by the internal
dynamics (e.g. the gravitational component in this specific
static case). Figure 16 shows a comparison of the variation
of torque, due to an external wrench application. In particu-
lar, we show the comparison between τE and τ̂ E = τ̂ − τ̂ I .

Fig. 14 Right arm: error between the wrenches measured by the FT
sensor ws,RA and the one predicted with the model ŵs,RA, during the
“Yoga” demo

Fig. 15 Left arm: comparison between the external wrench estimated
after the FT sensor measurements and the one measured by an external
FT sensor, placed on the palm of the left hand

6.6 Exploiting the tactile feedback

As anticipated, the iCub artificial “skin” (Cannata et al.
2008; Roboskin 2010) allows retrieving information about
the location of possible contact points (i.e. location of ex-
ternally applied wrenches) practically on the most of the
robot body. Figure 12 shows how the dynamism of the EOG
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Fig. 16 Left arm: comparison between the torques computed exploit-
ing the embedded FTS and the ones obtained by projecting the external
FTS on the joints through the Jacobian (see text)

method can be fully exploited when the link where the con-
tact occurs is known through tactile measurements.

We remark again that Figs. 11(a)–(b) are only possible
instances of the EOG, and that the graph is continuously
re-created along with the update of the sensory information
coming from the tactile skin, indicating the contact loca-
tions.

6.7 Comparison with joint torque measures

Further experiments have been conducted on an experi-
mental setup, to evaluate the estimation accuracy of the
joint torques with their measure through joint torque sen-
sors. More precisely a prototype of the new iCub arm
(Parmiggiani et al. 2009) has been used, which was consti-
tuted by 4 DOF arm (shoulder and elbow only), equipped
with two six axes-FTS (one placed proximally as in the
iCub, the other one placed at the end of the fore-arm, as
the wrist) and four JTS.

In the first experiment, during nearly static movements
of the arm, we compared the JTS measures τj with the
torques τFT estimated through the EOG exploiting the prox-
imal FTS, and also the torques τm+e composed by adding
the gravity torques predicted by the model with the projec-
tion of the external wrench (due to the wrist FTS) on the
links through the Jacobian. The prediction error is reported
in Table 2, while experimental results are shown in Fig. 17.
Remarkably, the estimation error is smaller than 0.2 Nm for
all the four joints.

In a second experiment, we validated the estimation dur-
ing fast repetitive movements of the arm, which was also
loaded with a known weight attached at the end-effector.

Table 2 Mean and standard deviation of the prediction errors, com-
puted between the measured joint torques and the ones estimated ex-
ploiting the FTS or projecting a known external wrench

εFT � τj − τFT

Joint 0 Joint 1 Joint 2 Joint 3

ε̄FT 0.127 −0.049 −0.002 −0.032

σεFT 0.186 0.131 0.013 0.042

εm+e � τj − τm+e

Joint 0 Joint 1 Joint 2 Joint 3

ε̄m+e 0.075 −0.098 −0.006 0.006

σεm+e 0.191 0.173 0.020 0.032

Note: SI Unit: τ : [Nm]

Fig. 17 Comparison between the measured joint torques τj and the
ones estimated exploiting the FTS, τFT , or projecting a known exter-
nal wrench, τm+e , during quasi-static movements of an arm prototype
equipped with JTS. Statistics on the error are reported in Table 2

The purpose was to reveal the discrepancies between mea-
sure and estimation due to inaccuracies in the dynamics
model to the inevitable errors due to filtering noise (which is
the case, for example, of filtering encoders’ measurements
to retrieve joint velocities and accelerations). As shown
in Fig. 18, for repetitive movements performed at 90 and
180 deg/s, the estimation error of the elbow joint torque
increases with the acceleration. Moreover, as discussed by
Randazzo et al. (2011), the dynamic errors increase with the
kinematic distance between the FTS and the joint, because
of the propagation of the noise affecting the estimation of
velocity and acceleration, which is propagated in the recur-
sive computations.

7 Conclusions

We presented a method for exploiting measurements from
multiple sensors distributed along a multiple branches kine-
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Fig. 18 Left: measured and predicted joint torques during fast move-
ments of the elbow; trajectories were performed at A: 90 deg/s,
B: 180 deg/s. Right: regularized mean squared error (RMSE) of the
prediction errors, increasing with the acceleration

matic chain, to compute a complete representation of the
robot dynamics. Force/torque and tactile sensors are the cru-
cial sources of information. With the additional information
of a single inertia sensor placed anywhere in the chain, the
proposed method can be used to propagate wrenches within
the robot exploiting a graph representation of its structure.
In presence of unknown wrenches (at locations detected by
the tactile sensor), we proposed a systematic procedure for
propagating force/torque measurements to get an estima-
tion of the unknowns. The proposed procedure consists on
a post-order traversal of a tree which is obtained by an on-
line rearrangement of the graph, according to the contact lo-
cations. Conditions on the graph structure have been given
in order to guarantee the propagation of force/torque mea-
surements to the entire kinematic chain and, in particular,
to the unknowns. It was shown that given N -FTS, a maxi-
mum of N +1 unknown external wrenches can be estimated,
if there is exactly one unknown per each of the sub-graphs
induced by the force/torque sensors locations. When all ex-
ternal wrenches can be computed, then all joint torques can
be computed too. An artificial tactile skin, covering most of
the surface of the robot body, was used to provide the ap-
plication points of the external wrenches. A software library
for performing these computations has been released with
an open source license (Ivaldi et al. 2011). Results on the
implementation on the 53-DOFs humanoid robot iCub have
been presented.

The effectiveness of the proposed algorithms has been
proved in a variety of experiments with the iCub platform:
by means of iDyn, active force control strategies were in-
troduced to enhance existing motion control and provide es-
sential safety during interactions. Numerous videos of real-
ized applications can be found at http://www.youtube.com/
robotcub.
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